We are concerned with the tensor equation with an M-tensor, which we call the M-tensor equation. We first derive a necessary and sufficient condition for an M-tensor equation to have nonnegative solutions. We then develop a monotone iterative method to find a nonnegative solution to an Mtensor equation. The method can be regarded as an approximation to Newton's method for solving the equation. At each iteration, we solve a system of linear equations. An advantage of the proposed method is that the coefficient matrices of the linear systems are independent of the iteration. We show that if the initial point is appropriately chosen, then the sequence of iterates generated by the method converges to a nonnegative solution of the M-tensor equation monotonically and linearly. At last, we do numerical experiments to test the proposed methods. The results show the efficiency of the proposed methods.
Introduction
Consider the tensor equation Tensor equation is also called multilinear equation. It appears in many practical fields including data mining and numerical partial differential equations [3, 6, 7, 8, 12, 13, 15, 23] .
We denote the set of all mth-order n-dimensional tensors by T (m, n). A tensor A = (a i 1 i 2 ...i m ) ∈ T (m, n) is called symmetric tensor if its elements a i 1 i 2 ...i m are invariant under any permutation of their indices (i 1 , i 2 , · · · , i m ). The set of all mth-order n-dimensional symmetric tensors is denoted by ST (m, n). In the case A ∈ ST (m, n), it holds that ∇(Ax m ) = mAx m−1 . Consequently, the tensor equation (1.1) is just the first order necessary condition of the optimization problem
Tensor equation is a special system of nonlinear equations. It may be solved by existing numerical methods such as Newton and quasi-Newton methods for solving nonlinear equations. However, in some cases, Newton's method may fail or be only linearly convergent if the Jacobian matrix of F is singular. Example 1.1. Consider the quadratic polynomial equation 
It is singular if x 1 = 0, x 2 = 0 or x 3 = 0. In particular, F (x * ) and F (x * ) are singular. Let x be the current iterate that has no zero elements. The next iterate generated by Newton's method x + is determined by
It implies
which shows the linear convergence of {x k }.
On the other hand the tensor equation (1.2) can be written as
It can be solved easily by solving the system of linear equation Ay = b first and then get the solution of the tensor equation by letting x = ±y 1/2 . Example 1.2 Let consider a more general equation:
where M ∈ R n×n is nonsingular, b ∈ R n and
It is a tensor equation in the form (1.1) where the elements of A are a i j... j = m i j , i, j = 1, 2, . . . , n and all other elements of A are zero. It is easy to see that the Jacobian of F at x is
It is singular even if M is nonsingular, if there exists an x i = 0. As a result, Newton's method may fail to work if some iterate x k has zero elements.
On the other hand, if M is nonsingular, the equation can be solved easily by solving the system The last two examples indicate that it is important to develop special iterative methods for solving the tensor equation (1.1) using the special structure of the tensor A. It is the major purpose of the paper.
In this paper, we will pay particular attention to tensor equations (1.1) where the coefficient tensor A is an M-tensor. Tensor A = (a i 1 i 2 ...i m ) ∈ T (m, n) is called a Z-tensor if it can be written as
where s > 0, I is the identity tensor whose diagonals are all ones and all off diagonal elements are zeros, and B ≥ 0 is a nonnegative tensor in the sense that all its elements are nonnegative. Tensor A is called M-tensor if it can be written as (1.3) and satisfies s ≥ ρ(B), where ρ(B) is the spectral radius of tensor B, that is ρ(B) = max |λ| : λ is an eigenvalue of B .
If s > ρ(B), then A is called a strong or nonsingular M-tensor [5] . In the case A is an M-tensor, we call the equation (1.1) M-tensor equation and abbreviate it as M-TEQ. An interesting property of the M-TEQ is that if A is a strong M-tensor, then for every positive vector b the tensor equation (1.1) has a unique positive solution, namely, all entries of the solution are positive [6] . The study in the numerical methods for solving tensor equation has begun only a few years ago. Most of them focus on solving the M-TEQ. Ding and Wei [6] extended the classical iterative methods for solving system of linear equations including the Jacobi method, the Gauss-Seidel method, and successive overrelaxation method to solve the M-TEQ. The methods are linearly convergent to a nonnegative solution of the equation. Han [10] proposed a homotopy method for finding the unique positive solution of the M-TEQ with strong M-tensor and a positive right side vector b. Liu, Li and Vong [17] proposed a tensor splitting method for solving the M-TEQ. An advantage of the method is that at each iteration, only a system of linear equation needs to be solved. The coefficient matrix of the linear system does not depend on the iteration. The sequence of iterates {x k } generated by the method converges to a nonnegative solution of the equation monotonically if the initial point x 0 is restricted to the set {x ∈ R n | 0 < Ax m−1 ≤ b}. Quite recently, He, Ling, Qi and Zhou [11] proposed a Newton-type method to solve the M-TEQ and established its quadratic convergence. Li, Xie and Xu [13] also extended the classic splitting methods for solving system of linear equations to solving symmetric tensor equations. The methods in [13] can solve those equations (1.1) where A are not necessary M-tensors. Li, Dai and Gao [16] developed an alternating projection method for a class of tensor equations and established its global convergence and linear convergence. Related work can also be found in [3, 15, 19, 22, 23, 26] . Just when this article is about to be completed, we knew the new report by Bai, He, Ling and Zhou [2] where the authors proposed an iterative method for finding a nonnegative solution to M-tensor equations.
The existing methods for solving M-TEQ focus on finding a positive solution of the equation under the restriction b > 0. In this paper, we further study numerical methods for solving M-TEQ (1.1). Our purpose is to find the largest nonnegative solution of the equation without the requirement of b > 0. We first give a necessary and sufficient condition for the existence of the nonnegative solution of the M-TEQ. The result reals an interesting property that if an M-TEQ has a nonnegative solution, then it has a largest nonnegative solution.
We then propose an iterative method to solve the M-TEQ with strong M-tensor. We first split the coefficient M-tensor into two parts. Based on the splitting form, we develop an approximation Newton method. At each iteration, we solve a system of linear equations. The coefficient matrix of linear system is independent of the iteration. We show that if the initial point is appropriately chosen, then the generated sequence of iterates converges to a nonnegative solution of the equation without the restriction that b is positive. We also do numerical experiments to test the proposed method. The results show that the methods are very efficient.
The rest of this paper is organized as follows. In Section 2, we derive a necessary and sufficient condition for an M-tensor equation to have a nonnegative solution. It particularly shows an interesting result that if an M-tensor equation has more than one nonnegative solutions, then it has a largest nonnegative solution. In Section 3, we propose a monotone iterative method for solving the M-TEQ with strong M-tensor and establish its monotone convergence. In Section 4, we make an improvement to the method proposed in Section 3 and establish its monotone convergence. At last, we do some numerical experiments to test the proposed method in Section 5. We conclude the paper by giving some final remark.
The Existence of Nonnegative Solutions to the M-Tensor Equation
Consider the tensor equation , we now derive a sufficient condition for the existence and uniqueness of the nonnegative solutions to an M-TEQ. We first introduce the concept of the so called majorization matrix of a tensor M ∈ T (m, n) [14, 17, 20] . It is a matrix M = (m i j ) ∈ R n×n whose elements are
The theorem about the existence and uniqueness of the nonnegative solution of an M-TEQ is stated and proved below. Proof. It is not difficult to see that the M-TEQ can be written as the following equation
Since M is a strong M-tensor, its majorization matrix M is a strong M-matrix [17] . It is nonsingular and satisfies M −1 ≥ 0. The results of the theorem becomes obvious.
In many cases where b is not positive, the M-tensor equation may have no nonnegative solutions or multiple nonnegative solutions. For example, if m = 2 and b < 0, then for any strong M-matrix M, the unique solution of the equation (2.1) is negative. Consequently, it has no nonnegative solution. The following example suggested by Prof. C. Ling via private communication shows that an M-TEQ with a strong M-tensor M may have more than one nonnegative solutions.
Example 2.1 Given tensor M ∈ T (4, 2) in the form M = 3I − B, where I is the identity tensor and B is a nonnegative tensor with elements
and all other elements of B are zeros. It is easy to see that the unique eigenvalue of B is zero. Consequently, M is an M-tensor. Let b = (−7, 24) T . Then the tensor equation
Clearly, the solutions of the following system are all the solutions of the M-TEQ:
The last system has two nonnegative solutions
The following example shows that an M-tensor equation with an odd order strong M-tensor may also have multiple nonnegative solutions. Example 2.2 Given tensor M ∈ T (3, 2) in the form M = I − B, where I is the identity tensor and B is a nonnegative tensor with elements
and all other elements of B are zeros. It is easy to see that the unique eigenvalue of B is zero. Consequently, M is a strong M-tensor. Let b = (−6, 4) T . Then the tensor equation
Recently, Xu, Gu and Huang [24] investigated some interesting properties of the tensor equations. In this section, we investigate the existence of the nonnegative solutions and the largest nonnegative solution of the Z/M-tensor equation.
To this end, we first introduce the concept of the so-called joint semi-sublattice. A set S ⊆ R n is called a join semi-sublattice if x, y ∈ S, then there join, i.e., max{x, y}, is also in S.
The following theorem can be regarded as a dual theorem of Theorem 3.11.5 in [4] .
Theorem 2.2. If S is a nonempty and bounded closed join semi-sublattice, then it has a largest element.
Proof. Given an arbitrary positive vector c and anyx ∈ S. Consider the following program problem:
Clearly, the feasible set of the problem is closed and bounded from above. Hence, the problem has a solutionx. For any x ∈ S, we have z = max{x,x} ∈ S. So, we have
Sincex ≤ z and c is positive, the last inequality impliesx = z. By the arbitrariness of x, we claim thatx is the largest element of S.
Define the set
It looks very similar to the feasible set
of the tensor complementarity problem
It was proved by Luo, Qi and Xiu [18] that if M is a Z-tensor, then the feasible setS has a least element. Moreover, the least element ofS is a solution of the tensor complementarity problem. In what follows, we will establish a similar result to the M-TEQ. Specifically, we will show that if M is a strong M-tensor, then S has a largest element as long as it is not empty. Moreover, the largest element of the set is the largest nonnegative solution to the M-TEQ. Denote for x ∈ R n and real number k
The lemma bellow show that S has a largest element.
Lemma 2.3. If M is a strongly M-tensor, and the set S defined by (2.3) is not empty, then S is a bounded joint semi-sublattice. As a result, S has a largest element.
Proof. We first show that S is a joint semi-sublattice. Indeed, we have for any x, y ∈ S, let z = max{x, y}.
We have for each i = 1, 2, . . . , n, if
where the first inequality follows from the fact m ii 2 ...
Consequently, S is a joint semi-sublattice. Next, we show that S is bounded. Suppose on the contrary that there is an unbounded sequence {x k } ⊂ S. That is, x k ∞ → ∞ as k → ∞ and
Then {u k } is bounded and hence has a limit point. Without loss of generality, we let {u k } → u. It is easy to get
We write M = sI − B with s > ρ(B). It follows from the last inequality that
which implies s ≤ min
where the last inequality follows from [21, Theorem 3.25] . The last equality yields a contradiction. Consequently, S is bounded. At last, by Theorem 2.2, S has a largest element. The proof is complete.
Based on the last lemma and Theorem 2.2, we can derive a condition for the existence of nonnegative solution of the M-TEQ. Proof. Conclusion (ii) follows from conclusion (i) directly. We only need to verify (i).
Since the solution set of (2.1) is a subset of S defined by (2.3), 'only if' part is obvious. We turn to the 'if' part.
Suppose S ∅. Theorem 2.2 and Lemma 2.3 ensure that S has a largest elementx, i.e.,
x ≤x ∀x ∈ S.
It suffices to show thatx is a solution of (2.1). Suppose on the contrary thatx is not a solution of (2.1). There must be an index i such that Definex with elementsx
It is easy to see that 0 ≤x ≤x and
Consequently,x ∈ S. However, by the definition ofx, we obviously havex ≥x. Moreover, there are at least one indices i such thatx i >x, which contracts the fact thatx is the largest element of S. The contradiction shows thatx must be a solution of (2.1).
Since the solution set of (2.1) is a subset of S, the largest element of S is the largest solution of (2.1). The proof is complete.
A Monotone Iterative Method for Finding a Nonnegative Solution to the M-Tensor Equation
In this section, we develop an iterative method for solving the M-tensor equation. Our purpose is to find a nonnegative solution of the equation. So we assume throughout this section that tensor M in (2.1) is a strong M-tensor and that the set S defined by (2.3) is not empty. The method can be regarded as an approximation to Newton's method. Notice that for each i = 1, 2, . . . , n, function (Mx m−1 ) i is a homogeneous polynomial. It can be written as M i x m−1 with symmetric tensor M i ∈ ST (m − 1, n).
Let us consider the Newton iteration: 
By neglecting the term O( x k+1 − x k ), we get an approximate Newton iterative scheme
More generally, we give the following iterative scheme:
where α k ∈ (0, 1]. We call the above iterative scheme sequential M-matrix equation method (S-MEQM) because the subproblem (3.1) is a system of linear equation in d k with an M-matrix as the coefficient matrix. Since M is independent of the iteration k, we can solve the system by LU decomposition at the beginning of the method. So, at each iteration, the computation cost for solving the system of linear equations (3.1) is O(n 2 ) except for the initial step. Recently Liu, Li and Vong [17] proposed a so-called tensor splitting (TS) method for solving the Mtensor equation. The TS method corresponds to α k ≡ 1. It is monotonically and linearly convergent if the initial point x 0 is chosen in the set
Specifically, they proved the following theorem [17] .
Theorem 3.1. Let M be a strong M-tensor and b be positive. Then the sequence {x k } generated by the TS method with x 0 ∈ S 1 converges to the unique positive solution of (2.1) monotonically in the sense
Moreover, the convergence rate of {x k } is linear.
The condition x 0 ∈ S 1 in the above convergence theorem is restrictive. It makes the method suitable for those problems with b > 0 only. The theorem below shows that the S-MEQM will retain monotone convergence if the initial point is in S. Theorem 3.2. Starting from any x 0 ∈ S, the sequence {x k } generated by the S-MEQM (3.1) is contained in S and satisfies
Moreover, {x k } converges to a nonnegative solution of the equation (2.1).
Proof. We first prove {x k } ⊂ S and (3.3) by induction. For k = 0, we have F(x 0 ) ≤ 0 and
Since M is an M-matrix, the last inequality yields (3.3) with k = 0. Moreover, we have
where the inequality holds because x 1 ≥ x 0 and M ≤ 0.
Suppose the inequalities x k ≥ x k−1 ≥ 0 and F(x k ) ≤ 0 hold for some k ≥ 1. It follows from (3.1) that
Moreover, we can get
By the principle of induction, we claim that the inequalities in (3.3) hold and F(x k ) ≤ 0 for all k ≥ 0. Since {x k } is bounded from above, then {x k } converges. Taking limits in both sizes of (3.1), it is easy to see that the limit of {x k } is a nonnegative solution of the tensor equation (2.1). The proof is complete.
We turn to the convergence rate of the method. Suppose {x k } →x. Clearly, we have x k ≤ x k+1 ≤x. If for some i,x i = 0, then (x k ) i = 0 for all k ≥ 0. So, without loss of generality, we assumex > 0.
Define
The iterative scheme can be written as x k+1 = φ(x k ) and the limit pointx satisfiesx = φ(x).
It follows from (3.4) that
Without loss of generality, we suppose that M is symmetric. Taking derivative in both sizes of the equality, we obtain
At the limitx, the last equality yields
If M −1 b > 0, then it follows from the last equality that
Since φ (x) is nonnegative, we claim that the spectral radius of ∇φ (x) satisfies ρ(∇φ (x)) < 1. As a result, the convergence of the sequence {x k } is linear. Theorem 4.5 in [17] shows that the condition M −1 b > 0 implies that the the M-TEQ has a unique positive solution.
The above arguments have shown the following theorem. Similar to the splitting methods for solving system of linear equations, on the basis of (3.1), we can develop splitting type methods.
• The Jacobi iteration:
This iterative scheme is the same as the Jacobi method by Ding and Wei [6] .
• The Gauss-Seidal iteration:
• Successive over-relaxation (SOR) iteration:
Similar to Theorem 3.2, it is not difficult to establish the monotone convergence of the above iterative methods. As an example, we derive the convergence of the Gauss-Seidal method below.
Theorem 3.4. Let the sequence {x k } be generated by the Gauss-Seidal method (3.6) with initial point x 0 ∈ S. Then {x k } ⊂ S and converges to a nonnegative solution of (2.1) monotonically.
Proof. For k = 0, we have F(x 0 ) ≤ 0 and
Suppose the inequalities x k ≥ x k−1 ≥ 0 and F(x k ) ≤ 0 hold for some k ≥ 1. We can get for all α k ∈ (0, 1],
By induction, it is not difficult to show that if x 0 ≥ 0 and F(x 0 ) ≤ 0, then the following inequalities hold for all k ≥ 0:
Since {x k } is bounded from above, we claim that {x k } converges and hence {F(x k )} converges to 0. The proof is complete.
Improvement
In this section, we make some improvement to the monotone method proposed in the last section. We rewrite the Newton method as
The S-MEQ method (3.1) developed in Section 3 neglected the term r k . Since r k = O( x k+1 − x k ), it might be important for Newton's method to be quadratically convergent. As a result, the method (3.1) may not be a good approximation to Newton's method. In this section, we consider to improve the S-MEQ method by using more information of r k .
Without loss of generality, we suppose that M is semi-symmetric. So we have
We have
and
where
Consequently, it follows from Newton's method that
A reasonable approximation to Newton's method is to let x k+1 satisfy
However, the point x k+1 is not known in advance. So, we consider to use k = r(x k ) − r(x k−1 ) instead of the term r(x k+1 ) − r(x k ) in the last equation. This results in the following iteration:
More generally, we propose the following iterative scheme:
where α k ∈ (0, 1] and k is chosen in the way that 0 = 0 and for k ≥ 1, k = r(x k ) − r(x k−1 ) . However, such a simple choice rule for k could not guarantee the generated sequence {x k } contained in S. As a result, the convergence of the related method is doubtful. In what follows, we give some other reasonable choice for k to ensure the monotone convergence of {x k } to a nonnegative solutio of (2.1).
In order for the method to be monotonically convergent, we need the requirement α k F(x k ) + k ≤ 0, ∀k to ensure the monotone property of {x k }. It is satisfied if we let k satisfy
On the other hand, we also need the condition F(x k ) ≤ 0, ∀k to ensure {x k } ⊂ S. This motives us to determine k in the following way. At iteration k, we first let k = min{ + k , r(x k ) − r(x k−1 )} and then solve the system of linear equations (4.2) to get ax k+1 . If F(x k+1 ) ≤ 0, then we let x k+1 =x k+1 . Otherwise, we let k = 0 and solve (4.2) to get x k+1 .
Based on the above arguments, we propose an approximate Newton method for solving the M-tensor equation (2.1) as follows. Step 1. Stop if F(x k ) ≤ η.
Step 2. Solve the system of linear equation (4.2) to getx k+1 .
Step 3. If F(x k+1 ) ≤ 0, then go to Step 4. Otherwise, let k = 0. Go to Step 2.
Step 4. Let x k+1 =x k+1 and k+1 = min{ + k+1 , r(x k+1 ) − r(x k )}. Let k = k + 1. Go to Step 1.
Remark. Notice that if k = 0, then the method reduces to the S-MEQM. Consequently, if for some k, F(x k+1 ) > 0, then the iterate x k+1 is generated by the S-MEQM, which guarantees F(x k+1 ) ≤ 0. In other words, at each iteration, the circle between Steps 2 and 3 is no more than once. It is easy to show by induction that the sequence {x k } generated by Algorithm 4.1 satisfies x k+1 ≥ x k and F(x k ) ≤ 0, ∀k. Similar to the proof of Theorem 3.2, we have the following result.
Theorem 4.2. Suppose that M is a strongly M-tensor. Then the sequence {x k } be generated by Algorithm 4.1 satisfies {x k } ⊂ S and x k+1 ≥ x k , ∀k ≥ 0.
Moreover, it converges to a nonnegative solution to the tensor equation (2.1).
Numerical Results
In this section, we do numerical experiments to test the effectiveness of the proposed methods. We implemented our methods in Matlab R2015b and ran the codes on a laptop computer with 2.40 GHz CPU and 4.00 GB RAM. We used a tensor toolbox [1] to proceed tensor computation. While do numerical experiments, similar to [10, 11] , we solved the tensor equation or the number of iteration reaches to 3000. In all cases, we take the parameter α k = α be constant. The test problems are from [6, 13, 23] . Problem 1 We solve tensor equation (2.1) where M is a 4-th order symmetric strong M-tensor in the form M = sI − B, where tensor B is symmetric whose entries are uniformly distributed in (0, 1), and
where e = (1, 1, . . . , 1) T . Problem 2. We solve tensor equation (2.1) where M is a 4-th order symmetric strong M-tensor in the form M = sI − B, and tensor B is a nonnegative tensor with
and s = n 3 .
Problem 3. We consider the ordinary differential equations
with Dirichlet's boundary conditions
This equation is the one-dimensional situation of the boundary value problem, which can be used to describe a particle's movement under the gravitation
where G ≈ 6.67 × 10 −11 Nm 2 /kg 2 is the gravitational constant and M ≈ 5.98 × 10 24 kg is the mass of the earth.
After the discretization, we get a system of polynomial equations
It is easy to see that the last system of equations can be written as a tensor equation
where the coefficient tensor A is a 4th-order tensor with elements
and the right-hand side is a vector with elements
We set c 0 = c 1 = 6.37 × 10 6 . Problem 4. We solve tensor equation (2.1) where M is a 4-th order non-symmetric strong M-tensor in the form M = sI − B, and tensor B is nonnegative tensor whose entries are uniformly distributed in (0, 1). The parameter s is set to Table 1 where the columns 'Iter' and 'Time' stand for the total number of iterations and the computational time (in second) used for the method. The results with α ∈ (0, 0.5) were not listed in the table because those results are not as good as the method with α ∈ (0.5, 1]. We also tested the S-MEQM with the value α > 1. Although we could not establish the convergence of the method S-MEQM with α > 1, the numerical results in Table1 seem to show that the method still works for all α ∈ (1, 2). Moreover, the best value of α seems around 1.9.
We then tested the approximate Newton method Algorithm 4.1 which we abbreviated as A-Newton. Table 2 lists the performance of the method A-Newton with different values of α on Problem 1 with different dimensions. For each α, we also tested the method A-Newton on 100 problems with different sizes n = 10, 20, 30, 40 and 50. We see from the table that the best parameter α seems near 1.
The results in Tables 1 and 2 show that the A-Newton method performed much better then S-MEQM if we choose the parameter α appropriately.
In order to compare the performance between the methods S-MEQM and A-Newton, for each problem, we draw some figures to show the performance of the two methods. In order to ensure the convergence of the method, we select the parameters α = 1 in both S-MEQM and A-Newton. Details are given in Figures 1-8 . We can clearly see from those figures that for all test problems, the A-Newton method performed much better than the S-MEQM. 
Conclusion
We developed a sequential M-matrix equation based method and its improvement for solving M-tensor equations. The methods can be regarded as approximate Newton methods. An advantage of the method is that the subproblems of the methods are systems of linear equations with the same M-matrix as coefficient matrix. If the initial point is appropriate chosen, the methods possess monotone convergence property. Our numerical results show that when α ∈ (1, 2) the performance of the sequence M-matrix method can be better than the method with α ∈ (0, 1]. However, at the moment, we could not establish the related convergence theory. We leave it as a further research topic.
